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ABSTRACT

In this paper, we study the second initial boundary value
problem for hyperbolic equations  in cylinders with
nonsmooth bases. We present the results of the unique
solvability of generalized solution of the problem.
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1 MO DPAU

Trong bai bao nay ching to6i xét bai toan bién
ban dau thir hai dbi voi phuong trinh hyperbolic
manh trong mién tru v6i day khong tron. Céu tric
clia bai gdbm 5 muc, muc 1 gidi thidu cac ki hiéu,
cac khong gian ham va toan tu vi phan st dung
trong bai bao, muc 2 dat bai toan va gidi thi¢éu mot
s6 cac két qua chinh, muc 3 va 4 ding dé ching
minh céc két qua néu & muc 2.

Muc 5 néu mét s6 huéng nghién ctru tiép tuc
trén co s cac két qua da dang trong bai bao.

Cho Q 1a mot mién bi chan trong R” n>2 véi
bién cia n6 la A6Q théoa min diéu kién
I'=00Q\{0} 1a mat kha vi vd han va Q tring

17

- X A A | ,(
véi nén K = {x:ﬁ € G} trong lan can cua goc
X

toa dd O, 6 d6 G la mot mién tron trong mit cau

don vi Sn_l cua R,

V6i mdi  s6 thue dwong T, dit
QF = Qx(0,T), S7 =0Qx(0,T), Qo =Qx(0,0),
Qoo = Ox(0,).

Véi mdi da chi s6 a = (a,....a,) e N, ta dit

Ped

|a|=aq +...+a, vakihigu D¥ = —————.
(9] ay,
x| ..0xp
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Vé&i mdi ham véc to gia tri phic u = (up,...,ug)

xéc dinh trong Q , ta ki hiéu DY :(Dg ,...,Dg ),

s

H%ZWﬂﬂ

j=1

6ju 8]u1 6 ”s)

J -
ool o

Gid st /1a mot s6 nguyén khong am, trong bai
bao nay chung t6i st dung cac khong gian ham sau.

Cl (Q) 1a khong gian cac ham kha vi lién tuc
dén cap 1>0trén Q.

c(@)=c(Q) 1a khong gian cac ham lién tuc
trén Q .
B Al OV Whane gt che T
U C'(Q)1a khong gian cac ham

=0
kha vi vo han trén Q .

C* Q)=

Cy () 1 khong gian céc ham kha vi vo han c6
gia compact trong Q) .
Ly(Q) la khong gian cidc ham binh phuong
kha tich trén Q vdi chuén
1
iz @)= ([ lue) P dx)2 .
Q

Ly (7,97)
phuong kha tich trén Q7 véi chuan

la khong gian cac ham binh

1

- 2 2yt 9
”uHLz(eW,QT)_(J‘ |u(x,t)|” e dxdt)+ .

QT
H' (Q) 12 khong gian gdm céc ham vecto u(x)

¢6 dao ham suy rong DPuelr(Q),|pI<I, véi
chuén

1
"u”[—]l(Q) :(j- Z | DPu |2 dx)2 <.
Qlplst

Hl’o(eyt,QT)(;/ eR) la khong gian gém céc
ham u(x,?),(x,t) e Q7 c6 dao ham suy rong

DPu,| p|<1 véi chuén
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1
)= j > |DPul? & dudt)? <o,

] 10" O
Qi

Dbic biét, chung ta dat Lz(y,QT)=HO’O(e7 ! Q).

Hl 1( rt ,Qr)(y € R) la khong gian gém céc
(x,1) e Qr

ham u(x,¢), c6 dao ham suy rong

DPu,| p|<1 véi chudn

1
1 0y =C [ 20DPuP 4124 e 2 <o
Ol

L* (0,7;Lp(€2)) la khong gian gdém cac ham gia

tri phic do duoc u:(0,7)—>Ly(Q),t+—>u(.,1)
thoa man
[R7R[eS =ess sup u(.0) |, (@)

L*(0,T; Ly (Q)) 0<t<T
Bay gi¢ ching ta s¢ gi¢i thi€u toan tur vi phén
str dung trong suot bai bao

L=L(x,t,D)= Zn: 68 (a; a—)+a,

i,j=1 Jj

(1.1
0 d6 ajj = gjj(x,1), ij=1l..n i cac ham
gia tri phirc bi chan kha vi vo han trong @, va
a =a(x,t)la ham gia tri thyc bi chan kha vi vb
han trong Q. Hon nira chung ta gia sur
(x t) = a ;(x,0)voimoi ij=1,...n, didu nay
co nghla la toan to L tu lién hop hinh thirc. Gia st

rang ajj» i,j=1,.,n lién tuc theo x € Q déu véi

t €[0,00) va ton tai mot hang s6 duong Qg sao

cho

ialj(x,t)ééj > g | EF,VEER 0L, (x,) €Q, . (1.2)

i,j=1
2 DPAT BAITOAN VA CAC KET QUA
CHINH

Cho Q 1a mién bj chan trong R” (n>2) véi
bién cia n6 la 6Q thoa man diéu kién
I'=00Q\{0} 1a mat kha vi v6 han. Hon nita ta gia
sir ring Q tring voi nén K = {x: ]—[e G} trong

lan cin nao do cua goc toa d6 O, & d6 G 1a mot
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mién tron trong mit ciu don vi S”' cia R”. Ki
hidw: Q,=Qx (0, T), S, =0Qx (0, T) (T>0).

Trong hinh try O, 0 <7 < oo, chling ta xét bai
toan bién ban ddu thir hai dbi v6i phuong trinh
hyperbolic cap hai:

L(x,t,D)u—ugy = f(x,0) ,(x,0) € Op,  (2.1)
u|t:0 = ut|t=0 =0, xeQ (2.2)
Ni =0, 2.3

g, 23)

6 d6 f(x,0)

L(x,t,D) latoan tir (1.1) da gidi thi¢u o trén,

la vecto ham gia tri phuec,

Nu:N(x,t,D)u— Z a (x t)

cos(xl V),
]

v 1 vecto phap tuyén don vi ngoai dén S, .

Ham vecto u(x,t) dugc goi la nghiém suy
rong trong khong gian H"'(e’',Q,) cua bai toan
(2.1) - (2.3) néu u(x,t)e H" (¢",0,), u(x,0)=0
vavéimdi 7,0 < 7 < T, ding thirc sau:

j u, 77, doedt — j (Zalja—a——am])dm’t— j frdxd (2.4)
0, bJ= =1

dung voi moi ham tha ne H"(¢,Q,) , sao
cho n(x,t) =0,t e[z, T).

Pinh 1y 2.1 (Pinh i vé tinh duy nhét nghiém

clia bai toan). Gia str cac hé s6 cia toan tir L(x,t,D)
thoa man diéu kién (1.2) va

|a ”||6k [t < p,i, j=1 k<1
i Lj=L..,nKkx 1,

o e [T

V(x,t) e QT,,u = const > 0

Thi bai toan (2.1)-(2.3) c6 khong qua mot
nghi¢ém suy rong trong khong gian H 1’1(e7 t,QT)
voimoi y>0.

Pinh 1y 2.2 (Pinh li vé sy ton tai ciia nghiém

suy rong). Gia st cac hé s6 cua toan tur L(x,t,D)
thoa man diéu kién (1.2) va
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ak
1 % 2a s, j=1.,nk <],
) a,{ IIat I < i, j

Y(x,t) e QT, 7]
ii) feL™(0,00L(Q)),
iii) £(x,0)=0

=const >0

Thé thi ton tai mot hang sé y() sao cho véi mdi
¥ >70, bai todan (2.1)-(2.3) c6 duy nhit mot
trong khoéng gian

nghiém suy rong u(x,?)

1" or) . Hon nita bat dang thic sau ding

||u||H1,1(e}/t 0, )—C||f|| 70,0051, (€2))

& d6 C 1a hang sét duong khong phu thude vao
uvaf.

Chirng minh Pinh i 2.1

bPé ching minh Dinh 1i 2.1 trude tién ta gidi
thiéu cac bo dé sau ma c6 thé tim thay cach chung
minh no trong Nguyen Manh Hung and Phung Kim
Chuc (2010).

B6 dé¢ 3.1
ajj = aij(x,t), iL,j=1,..,
L(x,t,D) théa man diéu kién (1.2) va ajj(x,7) lién

Gia sod cac hé sO
n,a=a(x,f)cua toan tir

tuc theo xe Q déu véi e [0,00) . Thi tdn tai hai

hang s6 Ho >0 va Ag >0 sao cho

> J o P jauwanunHl(Q) 7ol 2 g
Lj=10

voi moi u=u(x,t) Hl’o(eyt,QT) .

B6 dé 3.2 (Bat déng thirc Gronwall-Bellman)
Gia st u(t) va ¢(¢)la nhitng ham kha tich khong
am trén doan [0,T] va ¢(¢) c6 dao ham ¢'(¢) kha
tich trén [0,T] sao cho

t
u(t) < p(t)+ L j u(z)dr

lo

véi moi te[tg,T],4) >0, & do L 1a hing sb
duong. Thi
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t

u(t) < glag)+ [ L g()ar
i

voi moi t €[ty,T].

Bay gi¢ ta chiing minh Dinh i 2.1.

Gia sir ton tai ¥ >0 bai toan (2.1) — (2.3) ¢6
hai nghiém bat
u=u—u,eH"(",Q,) Khi do u théa man
dong nhat thrc tich phéan (2.4) véi f = 0 va u(x,0)
= 0. Binh nghia ham 7(x,¢) nhu sau:

suy rong oy, va u,.

0 b<t<T
1) =11 2.5
7(x.1) Iu(x,r)dr 0<r<b @3)
b
Khong khé khin ta kiém tra dugc

n(x,tye H"'(",0,), n(x,t)=0 véi te[b,T) va
co 1y (x,t) =u(x,t) véimoi (x,t)€Q,.

Thay u =7, vachon ham thu lai chinh ham 7
da chon & trén vao (2.4) voi f =(, ta nhan duoc.

_[77[[”1 dxdt — J- (Z

hljl

a, a —ann)dxdt =0(3.1)

Cong ding thirc (3.1) v6i lién hqp phurc cua no ta
dugc

2Re.[r7,tr7, dxdt — 2Rej(za‘] 8)? % an,n)dxdt =0(3.2)

0, 9, =1 J
Nho tich phan timg phan va diéu kién u(x,0) =
ou(x, 0)/6xl- = 0, ta nhan duoc déng thirc sau:

—_— 6 -
2Re [, dxdt = [ — (1)t 1,0 | o
Oy O, t

Str dung B6 d8 3.1 ta dugc

17O o] (Z%%Z{—an%) det A | O,
Q iJj=1 -0
i on 677 a -
o ac oy a
Su dung B6 d& 3.1 va bét ding thirc Cauchy danh

[ B 4 A (33)

tj—l

gia cac sb hang cua (3.3) ta duoc
17,5 IRy 1 [ 7Oy g <
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b
[0 Py e+ 20 111 0) I o (3.4)
0

Bay gio chung ta dat

0
vi(x,1) = Mdr,o <t<0,i=1,..,n,
! Ox;
i

vo(x,t) = Ju(x, )t
t
Véi cach dét nhu trén ta c6

onix, z-)dr—vl(x b)—vi(x,t),i =
ox;

on(x,t) :J'

,n, n(x, t) =vg (x,b) —vo(x,7)

677( 0 _ 21, 17(.,0) = vo (x,b)
Ox;

17500 I 0y = 2 DY I
i=0

vi(x,b),i =1,..

(3.5)

b n
2 , 2
g Ol o dtéb§)|rv,(.,b)|L2(Q)

b n
jZHvl COI7 gy
0i=0

Mat khac

(3.6)

0
Jy 1700 7 oy = 20 Re § § 7 (o
bQ

<Timeo 12, () + 20k 17065 I, 0
0

b

2 2

Tir (3.5)-(3.7) va bét dang thirc (3.4) ta c6 bat déng

thirc sau

lm,(..0) ||i2(9) +( 4 _bCI)Z”vi (-b) ||i(9)
i=0

» ., (3.9)
<G Um0 o)+ 20 I ) )t
0 i=0

& d6 C1,Cy 1a cac hang s6 duong. Bay gio chiing
ta dat
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n
J(&) = 7 (x,1) ||[242 @ +Z (i (x, ) ||%2 Q)
i=0

b
ta nhan duge J(b) < C j J(t)dt, C =const>0 vi
0

hau khip b<[O0, f]

Gronwall-Bellman ta dwoc J(b) =0 v&i hau khip

Ap dung Bét ding thirc

bel0,£27,dodo u(x,b) = 0 v6i hau khip

. Dung 1i luan tuong ty nhu trén voi

bel[L, TO] chung ta chirng minh dugc réng

u(x,b) =0 véi hau khip be[;fg ?] Vi doan [0,7]

1a hitu han nén 13p lai qua trinh trén sau mot s6
bude ta dwoc u(x,b) = 0véi hau khiap be[0,7].
Mit khac, vi T 1a sb duong bat ky nén ta co két
luan uq (x,b) =up (x,b).
DPinh 1i dugc chirng minh.

3 CHUNG MINH PINH Li 2.2

Su duy nhét nghiém cua bai toan dugc suy ra tir
Dinh i 2.1.

Su ton tai nghiém cua bai toan (2.1)-(2.3) dugc
ching minh nho phuong phap xap xi Galerkin.

Gia sit {p, (x)};_; 1a mot h¢ ham trong
H 1(Q) sao cho bao déng tuyén tinh ciia no lai
chinh 1a H 1(Q) va mot hé truc chudn trong

L,(Q). V&i mdi s6 nguyén duong N ta xét ham

W = C 0,06 86 (CD-C0) 1a Nghiem

clia hé phuong trinh vi phan thudng tuyén tinh

cép hai:

j *dx+j(2au———au @)dx=— fpde (4.1)
Q iJj=1 Q

véi didu kién ban dau 1a

d
C,?[(O) = —C]iv(O) =0,k=1,..,N.
dt
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. . dCN(¢ L

Nhan ding thic (4.1) voi CjT() va ldy tong

theo / tir 0 dén NV, ta nhan duoc:
ou” au
udx + X i uyd

I x i(;:lau o ox au” u, )dx
=-| fudx (4.3)

Q

Gia st 7 1a mot sb duong, 7 < T, tich phén
hai vé ctia (4,3) theo ¢ tir 0 dén 7 ta dugc

[uy ,dxdt+j(z

0, 71/1

= fu dxdt

6u ﬁu

a; 6 NuYdxdt

4.4)

Cong (4.4) véi lién hop phl'rc cuano ta co

2Rej u, fvd)cdt+2ReI(Za —_— auNuN)dxdt
0, 0, i,j=1
=—2Re fu dxdt (4.5)
o

Tir day, tich phan timg phan (4.5) véi diéu kién
(4.2) ta nhan duogc

j|u o dx+J'(ZaU§— alu")  dx
o i (4.6)
L Oay ou™ ou® da ~
_Q (I;EJEIEA*&M u )dxdthReé,:fut d)Cdt
N
Cong A I dedt vao hai vé cla
Or
va st dung tich phan tung p an ta duoc
(4.6) va st dung tich phan timg phin ta d
aMN
dx LR ) dx
J|u(r>| +§-[(,/Z{a”6x » auu),:f
5 oa; " o da v . (4.7)
N\ = oM M dao N N it
+/10£(u u ),:, J(,/Z‘T P 8tu u’ Yxdl
0, vn
+4, Qj g(uNu‘\ )dxdi —2Re Qj fudat
Chting ta c6 (4.2)
N N - =
%:u;\]uN+uN N _oRrewN ).Dodo’
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j\u Gof dx+j(zau6

Q i.j=1

Gl @555‘5” u

0, il

+2Re ), | (uNu;V u)dxdt ~2Re [ fu) das
o (23

+2| (uNLTN)

Ap dung bd @ (3.1) va Bat ding thirc Cauchy
ta duoc

||utN (.,7) H2L2 (Q) 40 ||“N(.,T) ||2H1(Q)

j(nu2|—\ | u Prdxdr
o, il
+j((n—1)y+g)|uN|zdxdz

0;

o N2 N 2

+J-(m\ut 2 ows|ulN 2ydxde
0;
+_

HfHL (0.0, (Q))
j(ny2| L Prasa

+I((n—1)y+5)|u 2 dxdt

O:
2

+QJ‘ ((n_‘)l) \uN P +5 |uf 2 )dxde

—HfHL

(0,001, (€2))

0 d6 €>0,0=const >0 chi phu thugc vao
¢.Tirdotaco

NP

' GO gy +0 I GO o

/1 +0(n )/1
_M—Mut CRLA
(4.9)
(nu+&)n— 1)#
L LEEER T GN 2,
22 +8(n - H'(Q)
i ”L (0,001 (€2))
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(nga+£)n =D =23 g
(n=Dpou

inf{5(e) > 0}

Xétham: 5(¢) =

Tacog(g)— > ododo i
Ho

= max{5(0),0}.

Néu 5(0)>0thi 5(¢)>0, Ve>0.

Néu 5©0)<0thi A3p, —n(n-Dp 20 va

2 2
A —n(n-1)
5(6)>0 khi &> 00 -
(n=Dpou
Pit
0 khi 5(0)> 0

&) = ﬂg,uo —n(n—l),u2
n(n—1)uou
tacod 5(g)>0,Ve>¢gg.

khi 5(0)< 0

Gia st & 1a hang s6 duong sao cho & > €0 thé

(npa+2)n =D =23

thi & =
(n=Duon
Tu do ta cod
/1 +o(n—-Du _nu+e (4.10)
(n—1)u Ho '
Pat
N
IN@ = t)IIL (@) HHo llu N, )IIH L@
tir (4.9) va (4.10) ta nhan dugc
IN @) <"FEE [N (0t 420
M= j G L P,

0
& d6 C(¢)la hang sb chi phu thudc vao & . Tir bat
dédng thic nay va B6 dé 3.2 ta c6

gN (1)< (ny+£)(r—t)/ Hoc(s)
¢ g P HfHL ooty

0doCla hang s6 khong phu thudc vao N va f.
bicu nay nghia la
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I O gy 1Y GO
/ @.11)
<clrre It £ 2
L (0.0:L, ()

Ki hi¢u yg = (nu+&y)/ 2uy. Gia st 1a mot hang
s6 duong sao cho 7>y thi ton tai mot hang sb

+& S _hu+ey
24

duong &>g) sao cho 5 ) ="~
2

Nhan ca hai vé cia (4.11)

v6i ¢ 277 | sau do Iy tich phan theo bién T tir
0 dén 00 ta duoc
N 2
(7 Cllf || (4.12)
w0 0w @)

& d6 C 1a hang sb dwong khong phu thudc vao
Nvaf

Tu (4.12) suy ra {u™}7_
déu trong khong gian H"' (e *,0,) .

la mét day bi chan

N} (ta
van dung ky hiéu la {uN 1) hoi tu yéu trong
H"(e7”,Q,) t6i mot ham u(x,t) € H"' (e”',0,).

Do d6 ton tai mot day con cua diy {u

Bay gio ta chiing minh u(x,#) 1a nghiém suy
rong cua bai toan (2.1) — (2.3) trong khong gian
H"(e7,0,). That vay, do u"(x,0)=0 nén dé
dang chung minh dugc u(x,0) =0 trong Q, tic la
diéu kién ban ddu dugc thoa man. Ta con phai di
ching minh ham u(x,7) thoa man hé thic (2.4).

Nhan ca hai vé (4.1) véi d,(t)e H'(0,T),
d,(1)=0. Lay téng ding thiic nhan dugc theo tat
cil tir1 dén N va lay tich phan theo 7 tir O dén T.
Sau d6 lay tich phén timg phan theo 7 s0 hang dau
tién. Két qua nhan duoc:

n= Zdl (D, (x)

—au” 77)dxdt

Iu 77,dxdt — .[(Z

Tt]l

l]a

= | fipdxat
Or

Qua gi6i han voi diy hoi yéu khi N dan t6i oo,
chung ta nhan dugc
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[ u, 7dar - j > a, ;" o — auir)dxdt
o o il (4.13)
= [ fidxat

Or

Ky hiéu M, 1a tap hop tat ca phan tir dang

M, ={n=Zd,(t)¢,(x), d,(t)ye H'(0,T),
d,(T) =0}

~1.1
H™(r)={n(xt) e HY(Or), n(x,T) = 0}

va M = UMN , thi tdp hgp M tru mat trong

N=1
~1,1

H (O) Tu d6 suy ra (4.13) dung voi
neH"(Q,), thoa man diéu kién 77(x,¢)=0
T,»). Hon nira ta c6

”f”L (0,00:L5 (€2))

voi t e[
2

[l ]| _
HM e 70,)°

Dinh ly dugc chirng minh.

4 MOT SO HUONG NGHIEN CUU TIEP

TUC

Bai toan da xét voi hinh tru day chta diém
nén véi phuong phap nghién ctru twong tur ta c6 thé
trinh bay bai toan cho hinh tru véi day khong tron
ché'ing han nhu mién c6 tinh chit doan hay hinh try
Lipschitz Nguyen Manh Hung and Phung Kim
Chuc (2012),...

Chung ta c6 thé thay dbi 70 dé dugc khong
gian nghiém rgng hon.
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